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V1. Two-Dimensional Potential Problems concerning a Single Closed Boundary.
By W. G. Bickrey, M.Sc., Lecturer in Mathematics at Battersea Polytechnic.

(Commumicated by G. I. TAYLOR, F.R.8.)
(Received December 27, 1928,—Read March 7, 1929.)

(1) Introduction.

Solutions of LAPLACE’S equation,

2 2
oV BV

02V
P R R

7+ 5 (L.11)

are required in many branches of Applied Mathematics, such as hydrodynamics, electro-
and magneto-statics, steady flow of heat or electricity, etc. The two-dimensional form
of the equation,

*V | 2V _
5553+'5y7"0’ . (1.12)
has a general solution . '
V=f@t+twy) +F@—wy, . ........ (121

Jfand F being arbitrary functions of their complex arguments. In the applications, one
function alone is usually sufficient, and it is customary to write

W= b =) ... e ... (122)

with z = z -} vy, when ¢ and ¢ usually have each some physical significance. More-
over, in most cases, the boundary conditions which have to be satisfied either are, or
can be reduced to, the prescription of the boundary values of ¢ or ¢, or of their
derivatives. -

The fact that a solution of (1.12) is obtained from functions of a complex variable
implies a conformal representation of the ¢ — ¢ plane on the # — y plane, the resulting
net on the z — y plane being equipotentials and stream-lines (or their analogues).
Methods based on conformal representation for solving one class of hydrodynamical
problem, that of free stream-lines first examined by Kircaorr and HELMHOLTZ, have
been developed into a technique which can be applied to any obstacle having, in the
two-dimensional trace, straight boundaries, and some progress has been made with
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236 A G. BICKLEY ON TWO-DIMENSIONAL POTENTIAL

curved boundaries.* On the other hand, hydrodynamical problems not involving
discontinuous flow, for special boundaries, have been treated by many writers, but the
methods of obtaining the solutions for the various types of motion have usually been
ad hoc, and there is no development of a technique here. Some general results have
been obtained, notably by LEaTHEM} who obtained a simple general formula for the
potential-stream function due to the uniform translation of an obstacle. He has shown
that the ““ impulse ” of the motion is 2mp X the coefficient of 1/z in the expansion of w
valid near infinity. He also obtained, at some length and in somewhat cumbrous form,
a general solution for the fluid motion due to the rotation of the cylinder. The present
writer gave,in a short notef which seems to have been overlooked, a solution of this
problem in the form of a definite integral. D. M. WrINCH§ has also considered the
translation and rotation of a cylinder whose section is a curve of fairly general type.

In practically all the above-mentioned work a subsidiary complex variable (to be
denoted throughout this paper by { =& -+ ) is used, and the region outside the
boundary in the z-plane is conformally represented on a standard region in the {-plane,
w being then determined as a function of {. The z — ¢ relation has to satisfy purely
geometrical conditions, and it appeared to the writer that the solution of all the ordinary
boundary-problems is implicit in this relation ; his papers on the circular arc|| were his
first attempt to develop a technique whereby the solutions could be obtained, by general
methods, from the transformation formula.

Of recent years, the successes of the LANCHESTER-PRANDTL “ circulation ’ theory in
aerodynamics, Y JOUKOWSKI'S transformation of a circle into a wing section, and the
tentative application of these ideas to the theory of hydraulic turbines,** have revived
interest in hydrodynamics ;f1 while CARTER, and Cor and Tavror,f} have recently
used conformal transformation to solve important problems in the design of dynamo-
electric machinery. The present paper is an attempt to see how far it is possible
to express, not only the potential functions, but also dynamical quantities such as the
“impulse,” and resultant forces and moments due to the fluid pressure, in terms
of the transformation, for a single closed cylindrical boundary in a medium extending to
infinity. The outlook is primarily hydrodynamical, but other interpretations of the
solutions obtained are mentioned from time to time.

* GREENHILL, ‘ Theory of a Stream-Line past a Plane Barrier.’” Aeronautical Research Committec,
R. & M., 19 (1911). Also Appendix (1917), and Levy, ¢ Proc. Roy. Soc.,” A, vol. 92, p. 285 (1916).

T ¢ Phil. Mag.,” vol. 35, p. 119 (1918) ; ‘ Phil. Trans.,” A, vol. 215, p. 439 (1915).

1 ¢ Phil. Mag.,” vol. 35, p. 500 (1918).

§ ¢ Phil. Mag.,” vol. 49, p. 240 (1925) ; ° Proc. Lond. Math. Soc.,” vol. 24, p. 455 (1925).

| ¢ Phil. Mag.,” vol. 35, p. 396, and vol. 36, p. 273 (1918).

9 RousE, ‘ Engineering,’ vol. 117, p. 1 (1924).

** < Engineering,” vol. 121, p. 98 (1926).

11 ¢ Engineering,’ vol. 124, p. 277 (1927). :
1} CArtER,  Inst, El, Eng. Proc.,” vol. 64, p. 1115 (1926) ; Cox and TAvLOR, ¢ Phil. Mag.,” vol. 6, p. 100
(1928). :


http://rsta.royalsocietypublishing.org/

JA '\

Y |

A A

THE ROYAL A
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

A B

THE ROYAL A
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org

PROBLEMS CONCERNING. A SINGLE CLOSED BOUNDARY. 237

As the problems to be considered are all two-dimensional, we shall deal with a plane
section only, and when forces, etc., are considered, they will be those acting per unit
length perpendicular to the section ; these conventions must be understood throughout.

(2) The Standard Transformation.

(2.1) Choice of a Standard Region.—For the purpose in hand, the most convenient
region upon which the doubly-connected region outside the boundary is to be con-
formally represented is a half-plane, the boundary being transformed into the real
axis. ScHWARZ has given a formula for transforming the region outside a rectilinear
polygon into the interior of a. circle, the boundary transforming into the circumference,
and LEaTHEM* has made a study of periodic conformal transformations in which the
region outside the closed boundary is transformed into a semi-infinite rectangle, the
boundary transforming into the finite side. As, however, much use will be made of
the method of images, these are less convenient than a half-plane as standard regions,
since the inverse points for the circle, and the infinite repetitions in the strips, make the
analysis more complicated. We take, therefore, as the standard transformation, one
which transforms the region outside a closed boundary (which may reduce to the two
sides of straight, broken, or curved line) in the z-plane into the upper half of the {-plane,
the boundary in the z-plane becoming the real axis in the ¢{-plane. LEATHEM’S periodic
transformation is then obtained by the substitution { = tan 3¢ (¢ = r -+ 1s), for which
we shall see both mathematical and physical reasons; s =0 is then the boundary,
and a plot of the curves » = const. and s = const.
forms what may be called the fundamental net”

(see § 3.1).

(2.2) Region Outside a Closed Rectilinear Polygon.—
Although it is deducible from ScHWARZ result, we
will establish the transformation for the region outside
a closed rectilinear polygon ab initio, partly for the
sake of completeness, and partly because it will show
us some of the necessary properties of the general
transformation. ‘

Let ABCD ... (fig. 1) be any finite, closed, recti- —
linear polygon in the z-plane, with exterior angles
«, B, v, 9, ... (positive for a convex polygon, but

€ d cb s g

negative at any re-entrant angle), and suppose it to Fia. 1.
be transformed into the upper half of the ¢-plane,
the points { = a, b, ¢, d, ..., on the real axis (so that a, b, ¢, d, ..., are all real)

corresponding to the vertices A, B, C, D, ..., respectively. Then, by the usual
argument (which we need not repeat) the corner A will require a factor ({ — a)*" in the

* ¢ Proc, R. Irish Acad.,” A, vol. 33, p. 35 (1916).
2K 2
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238 | W. G. BICKLEY ON TWO-DIMENSIONAL POTENTIAL

formula for dz/d{. Taking account of all the corners, and assuming that { may come
into the formula in other ways, we must have

defdt = Kf QM (C—a)n, . ... ... .. (2.21)

where K is a complex constant determining the scale and orientation of the polygon,
and f(¢) is a function of ¢ whose properties are still to be determined.

First, since the factors in I ({ — a)*" take account of the changes of direction at the
corners, it follows that f () must be real for real values of ¢, and also that it can have no
zeroes for real, finite values of . In 6rder that the polygon may be closed, however,
¢ = o must be a zero of f({) ; and sincell ({ — a)*"is of degree T o /m = 2 (unless { = oo
corresponds to a corner) this zero must be of order > 8. Again, any pole of f () must
correspond to z = =, and as the correspondence between the upper half of the {-plane
and the region of the z-plane outside the boundary must be one-one, it follows that
J (%) must have one, and only one, pole in the upper half of the {-plane. Let this be at
{=2E&y + o Then, since f(¢) is real for real values of ¢, &, — vy, must also be a
pole of f(%), and these are the only two poles. Moreover, f({) must have no zeroes,
and no branch -points in the upper half of the {-plane, and consequently none in the
lower half. Hence f (%) must be a rational, integral function of

1/(C2 — 2LE - &2 -+ Mo?)s

7.6.,

A B
= I ceey . (222

L N A (e EN SR (222)

in which, by what has been said, A, B, ..., must all be real. Again, a small contour
encircling ¢ = &, + w9, in the ¢-plane must transform into a curve at a great distance
in the z-plane, described once only, so that we must have A = C = ... = 0, and thus

B
= e e e e e e e 2.23
f(C) ’ (Cz — 2808 + &2 -+ "102)2 ( )

Absorbing the constant B in the constant K above, we have the required formula

dz _ KIl (¢ — a)"" Jos
dc o (c2 —_ 2&0C + 502 + '/)02).2. ........ ( . )

It is convenient to standardise the position of the pole, and the most convenient point
to adopt is evidently ¢ = :, so that the standard transformation formula will be taken

in the form

&z KII (2 — a)
E%:""(Zﬂ(ar——l%)“‘ .......... (2.25)

In this formula there are (s -4 1) constants (n being the number of sides), and there
ate n conditions to be satisfied, which in general will be that the integrated result has
prescribed values at the n vertices.. There is thus one constant at our disposal. A
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PROBLEMS CONCERNING A SINGLE CLOSED BOUNDARY. 239

better way of seeing this is to notice that any bi-linear transformation which transforms
the real axis into itself, and for which ¢ = . is a self-corresponding point will, while
altering the valuesof a, b, ..., give another transformation of the same type for the same
z-region. The formula for such a transformation is

¢ — g’ +h
I -+m’
where
(@) g, h, I, and m must all be real, since the real axis is to transform into itself ; and
(b) ¢ = v when ¢’ =, so that

L= th
hh+m’
or
— 14+ me = g. 4+ h,
i.e., '
—l=h  g=m
So
_ g¢ +h kY41
== (2.27)

where k& = g/h (and so k is real). There is thus a singly-infinite group of the required
type of transformations ; that is, there is one disposable constant.

The particular transformation ¢ = — 1/¢" (k= 0) is important, as it enables us in
cases of symmetry to determine some or all the constants a, b, ... , without integrating.

(2.3) Eatension to @ Curved Boundary.—Although it is possible to regard a curve as
the limit of a polygon, and usefully so for many purposes, yet, for reasons given by
LEATHEM,* such a conception is not likely to prove fruitful here. Other methods—
unfortunately tentative—must be used. We may, however, deduce from the above
that the general transformation formula must be of the form

dz f (C) ) (2.31)

A
where f(Z) (not to be confused with the f(%) of the last paragraph) is, in LEATHEM'S
terminology, a *“ curve-factor ”” of degree not exceeding 2, with no poles or zeroes in the
upper half of the ¢-plane. We take this as the general transformation formula.

The occurrence of (2 -+ 1) in the denominator will suggest the substitution { = tan 4t
as a mathematical expedient, as already mentioned. The physical meaning of this will

appear later.
Integrated, the formula must lead to one of the type

=__£.(£)._ .......... o
r=gento (2.32)

* Loc. cit.
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240 W. G. BICKLEY ON TWO-DIMENSIONAL POTENTIAL

C being the constant of integration, which can be assimilated into the formula, and will
therefore be omitted. We must next examine the general properties of f(¢) and g ().
(2.4) General Analytical Properties of f(¢) and g ({).—From the definition, we have

d(g@®\_ _f© -

v dg <§2 e 1> @Iy (2.411)
or

(@+1)g @) —29@ =fK. . . .. ... (2.412)

Diﬁerentiating this n times, we have

E+1Dg" @) +20 -1 (E) 40 —3)g"" (@) =f"(). . (242)

The values of f and ¢ and their earlier derivatives, at the pole { =, and relations
between these, will be required. Puttihg ¢ = ¢ in (2.42) for successive values of n,
we derive

*—'21"9“) ::f(")ﬁ ""29(") :f/(t),
7 (1) =S (v)
for which we shall soon see other reasons. Again,
207 (1) — 20 () =" (1), Ay () =["(1)
and so on.

The behaviour of z and dz/d¢ in the neighbourhood of the pole will also be required.
Putting ¢ = v 4 3, we have

and, from these two,

de _de ___ f(v _ S +9) Py 2
G_ZZ_%_..(JF )2 1}2726“2)— L s RS LR T
.......... (2.431)
where
Fop=—2f(), Fa=—3{S0)+f)
Fy =35 B/() = 44f () =21 (1} l 432)
= F O () F 9 — 6 () — 2/ (1) | |
ete. J

Integrating,

p= =T B log 3 b Gy + Ty + 3R +4F,3 +, . (2433)

Gy being the constant of integration. Now zis to be a single-valued function of ¢ (and
therefore of 3), in the relevant region, so that we must have

F ;=0 or Lf(L‘) +f()=0, ... ... .. (2.434)
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PROBLEMS CONCERNING A SINGLE CLOSED BOUNDARY. 241

a condition obtained above, the meaning and necessity of which is now evident. In
virtue of this relation, it is possible to formally simplify the expressions for ¥y, Iy, Fy, ... ;
to do so is hardly worth while, except perhaps in the case of F, which becomes

Fo=—4& {f()+27 ()« oo ., (2.435)

Our expansions are, then,
lez F ST L F b, L. (2.436)
2 = NE_%_+(IO+1« SFAFS 4 LFS L .. (2.437)

The latter might, for consistency of notation, be written
= GT-l F G+ Gd 4 Gd2 G ke, . (2.438)

with the evident relations between the F’s and the Gs.
- Applying (2.434) to the polygon formula, (2.25), we find

5 —— e, (2.441)

Splitting this up into its real and imaginary parts gives two necessary conditions to be
satisfied by @, b, ¢, ... ,
] 1 ao

o o .
Zm = ZW——O. e e . ‘. o . (2.442)

We shall also need the expansion of z + dz/d¢ valid in the nelghbourhood of the pole.
Using (2.436) and (2.437) it will be .found to be

sl Gy oWy, |
3{1 ped— 32 ,}v"-';""_(2’45)

oz
dz[dg

It has already been pointed out that, unless { = ® corresponds to a corner of the

boundary, f({) is of degree 2. Itis also evident that unless { = « makes z =0, g (¢)

will also be of degree 2. When ¢ = « corresponds to a corner, with extenor angle

%, then, by putting { = — 1/¢/, we must have
= ()l (C),

where y (¢’) is finite when ¢’ = 0. Consequently
:2

—ae /T .
dc = {7y (=10,
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242 W. G. BICKLEY ON TWO-DIMENSIONAL POTENTIAL
or, as { —» o,
dz
— KC"(2+dw/ﬂ)
ag ’
K being finite, ..,
(C) - dop [T
i e
or
F@) K@= 0oL (2.461)

In particular, if { = o corresponds to a cusp,
fRO-KL o000 (2.462)

(2.5) Known and Calculable Cases. Flat Plate—The simplest case is when the
polygon reduces to the two sides of finite straight line, which is the trace of a flat plate.

We take the z-boundary to be the two sides of the line AB, from z=ctoz= —¢
(fig. 2). If we let ¢ = 0 correspond to A, { = =
Y must evidently correspond to B, i.e., the negative
half of the £-axis corresponds to the upper side of
o AB, and the positive half to the lower side. The
X' B o: s x  exterior angles at A and B are each =, so (2.25)
becomes J K
l 2z .
Y 2-plane. : pid = ~—————(C2 T (2.511)
- - - —"n'—‘ "‘Z']'“' whence -
. “pP ane. _
. = Tsmrn O
y y' When )
/x g {=0, z=c¢, therefore ¢= — }K 4 C,
<b o, ) 02 ~ —b {= o, 2= —¢, therefore —c=0-4C,
Fre. 2.
\ t.e.,C= —cand K = — 2c.
Inserting these values and reducing, we find
=8
z=c axe . . (2.512)
In terms of ¢ (¢ = tan }¢) this becomes
Z=CCOS%, . . . . . . e (2.513)

the well-known formula.
Alternatively, if we let { = 0 correspond to the point z = 0 on the upper side, symmetry

shows that b = — a and again « = n = B, so the transformation formula is
d_z:K(i——a)(C—!—a) 2.514
7 RN e e e e ( )
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PROBLEMS CONCERNING A SINGLE CLOSED BOUNDARY. 243
If we now use { = — 1/¢’, we find
e & _K(=1Y —a) (= 1/ +a)
av’ {(Uey + 12
or
dz K@ +1)@f —1)
a¢’ (€= +1p ’

and as this must be the same as (2.514), therefore

a=1 or — 1L
Hence .
@ = E_(_Cf.:__l_) 2.515
‘ . 7 @EIE (2.515)
and, integrating,
' K¢
=—__— __ -+ D.
R
When ‘
’ {=0, 2=0, therefore D =0;
¢=1, z=¢, therefore ¢= — 1K,
So
. 2cC
z == BLIc ottt (2.516)
or ~
z=csiNt. . . ... ... (2.517)

Intersecting Planes.—The electrification of, and the flow past, two intersecting planes
has been considered by MorToN.* We may derive the
equivalent transformation by the above. Taking the 8
z-boundary as ABCDA (fig. 3), let { = 0 correspond to
A, and denote /[DAE =« by nm=. Then

Z-piane.

p=m=n, y=—mnx, J=m, :
80 , E
bz _ g CE—=0E—0c)"(E—4d Fre. 3.
— =K : . (2.521
pre @ T 17 (2.521)
Applying (2.442) to this, we must have
b ne d
P+l e+l @r1 "
1 n 1
”+bz+1_c2-31+d2+1“1’

which are equivalent to the conditions found by MorToN, that the integral should have
no logarithmic term.

* ¢ Phil. Mag.,” vol. 1, p. 337, and vol, 2, p. 900 (1926).
VOL. COXXVIII.—A., 2L
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244 W. G. BICKLEY ON TWO-DIMENSIONAL POTENTIAL

Cross Lamina.—If the polygon is a pair of mutually bisecting, equal, perpendicular
straight lines (fig. 4) and we take { = 0 corresponding to A, then, by symmetry, { = o
corresponds to E. The reciprocal transformation

Y ' leads to the conclusions that ¢ =1 and d =1/b;
G symmetry shows that h= —0b, g = —c= —1,
f=—d=—1/b. The transformation formula
18 thus,
. Fla .
0 . dz Z(Z..z - 1) i
X E o8 A X &e

7= emre e @0
¢ This will hold for any pair of mutually bisecting

perpendicular straight lines, the value of b depend-

Y Z-plane ing upon their ratio. When they are equal, the ¢
- - - - = - - - - - - - ftransformation shows that each straight portion
K CPere st correspond to an interval im of r, and so
R b = tan {x. The integral of (2.531) can then be
f g hlab c d e> . :
g written .
z=K Vcos2t+C. . . (2.532)
Fic. 4. .

If the origin‘in the z-plane is taken at the centre of

the cross, and BA, of length ¢, along the z-axis, K’ = ¢ and C = 0.
If there are n equal, equally spaced, rays, the transformation formula is

z=c(cos mt)?. . . . .. ... .. (2.533)
Evidently, we might also have
z=c(singnt)™. . . . ... (2.534)

The transformation for a number of unequal, unequally spaced rays could also be
obtained, but we refrain from giving details.

Regular Polygon.—We next consider the case of the regular polygon. If n is the
number of sides, the exterior angles are all 2x/n. Again, taking { = 0 to correspond to
a vertex, the ¢-transformation shows that the values of @, b, ¢, ..., are 0, tan=/n,
tan 2r fn, ..., tan (n — 1) n/n; also tan (n — 7) n/n = — tanrr/n. There is a slight
difference in the ¢-formula according as » is odd or even, since in the latter case, { =
corresponds to a vertex also. Thus

( r=jntl 2[n ~
I (@ — tan?rx/n)
& _ Ki r=1 (n even)
dg (¢ + 1)y
or : . . .. (2.541)
r=(n—1)/2 2/n
{C I (¢ — tan® rx /n)}
(Em (rodd) ]
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PROBLEMS CONCERNING A SiNGLE CLOSED BOUNDARY. 245
By the ¢-transformation, each of these reduces to the same form,

%: K’ (sin dmt)®, . . . . . . . . ... (2.542)
which is equivalent to a formula given by LeatHEM.* The sine may be replaced by
the cosine, in which case { = 0 corresponds to the mid-point of a side. It is interesting
to note the connection between this and (2.533) ; and, of course, § 2.51 is a detailed
consideration of the simplest case, n = 2.

The integration cannot be effected algebraically except when n = 2; when n =4
(square) elliptic functions to modulus tan? = are needed—though by further trans-
formation, the result is expressible in terms of functions with modulus % V2 (modular
angle 45°). The integration may, however, be effected by series, and for this the cosine
form is preferable. The relevant region in the z-plane corresponds to positive values of
s, and as s > ®, ¢! = ¢7° >0, while e~ - . We therefore write the transformation
formula

—dunt JndY 2/n
%%=K{L_étL} — oMKt (1 e, | . .. (2.543)

Now if s > 0 we may expand by the binomial theorem and integrate term by term,
obtaining

2 1 . n—1
— —2/n =2 = ; — '™ . 94
2 =012 LKF{ 2 Ll } L (2544)
a series which converges quite rapidly for quite small values of » and s, and from
which the ““ fundamental net ” (see § 3.1) can be speedily plotted.
Rectangle.—The rectangle (fig. 5) will be briefly

dealt with. By symmetry d = —a, and ¢ = —b; Y
by the reciprocal transformation, b = 1/a. So c D
dz V(2 —a?) (E—1/a?) '
F=K e . (2.551) - o _
This can be integrated in terms of Jacobian elliptic
functions to modulus a2, and the ratio of the sides 8 ' A
of the rectangle is determined in terms of the com- _ Y Z-plane.
plete elliptic integrals to this and the comple- {-plone.
mentary modulus. K
Details for the square, equilateral triangle, and s s b
rectangle have been worked out, including a Fic. 5.

skeleton table of elliptic functions to modulus
tan? = = (v/2 — 1), and the complementary modulus, and it is hoped to publish
some of the results in the near future.

* ¢ Phil, Trans.,” A, vol. 215, pp. 439-487 (1915).
2 L2
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246 W. G. BICKLEY ON TWO-DIMENSIONAL POTENTIAL

Circle—By making » infinite in (2.544), we have the formula for the circle, which may
be written -

2= Kt = — KR K %J:‘L-‘_f. Ca . (2.561)
and K" may be identified with the radius. From this,
| dz b (P

ZZ_Z = — 2LK -(%;—2—_?;)?. ......... (2562)

Ellipse.—Itisknown that the curves s = const. in (2.513) are ellipses, so that if s = s,
be taken as the boundary, we shall have

: z=1ccos (¢4 18), . . . . .. .. . (2.571)

or, in terms of ¢,

(1 — ©&) cosh s, — 2.{ sinh s,
(@ +1) ‘

z2==cC

Circular Arc.—The transformation for the circular arc was given by the author in
a previous paper, and also independently by RicumonD.* The ¢ formula is, r being the
radius, and 2« the angle subtended at the centre

1+ sin $o . e

A penry v (2.581)
whence |
()€ —ay __1-+sin 4« v

e (E—) (& +ay’ ¢ =1 s o "0 (2.582)

(where ¢ has the meaning of the present, and not of the previous, paper).
Other Cases.—The transformation of the Joukowskr aerofoil into a circle can be
carried a step further—if desirable—by the use of (2.561).
D. M. WrincH} has studied a family of curves for which the transformation formula
18
z=mnae " be™, . .. ... .. ... (2.59])

and both she, and LeATHEM, have considered the more general transformation
L L (2.592)

(2.6) Auxiliary Functions.—There are also certain other functions of ¢, connected
with, and derivable from, the transformation formula, that will be needed in the
sequel. It seems more convenient to obtain them here than to interrupt the course
of the argument later.

* ¢ Proc. Lond. Math. Soc.,” vol. 22, p. 483 (1924).
1 ¢ Phil. Mag.,” vol. 48, pp. 692, 1089 (1924).
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The first is a function of ¢ that reduces, when ¢ is real, that is, on the boundary, to
the conjugate of z. On the boundary

z=w4y =g @)/(E +1) = {g.(€) + g, €)}/(2 +1)
¢=yg,(8)/&+1) and y=g,(E))E+1), .. .. (26l1)
where g, (£) and g, (£) are the real and imaginary parts of ¢ (€) (when £ is real). Thus

or

vy = {g. () — g, GRJE+D, ... ... (2.612)
so that the function we seek is
(Z2)* = {9. () — g, O}/ +1), . . . ... .. (2.613)

where the brackets round z denote that it is only on the boundary that this function
isz. Now if

9. (%) = 9. (€ + w) = g, (& ) + 19.2(8;m) :
and - , e e . . (2.614)

9, (8) = g, €+ 1) = g (& m) + 19,0 (8, 0) J
9.0 — 9, (0) =g+ ++@—9n) - . ... (2615

gE— ) =g.(8— ) + 19,(E —w)
=0 Y + t (gyl - Lgyﬁ)
=(Gn+92)—tGu—9) - - . - . .. (2.616)-

Comparing ( .615) and (2.616), we see that

then

Also

9. () — g, (¢) = the conjugate of g (§ — vy),

which we shall denote by g ( ) (each bar denotmg that the conjugate quantity is to be
taken, and it being understood that g (&8 — w) 1s first calculated, and then its conjugate
taken). Thus

F) =g OB L), (2.617)

() reducing to Zz on the boundary. :
In the same way, we have as the function that reduces to dz/d¢ on the boundary,

DA =FEEHF1E (2.618)

It is to be noted, however, that ?}TZ), and f—(—f) (which are by definition functions of ¢)
will not, in general, be free from singularities in the upper half of the Z-plane for ¢ (¢)
may have poles or branch-points in the lower half of the {-plane, and then g (%) will

* We use the bar to denote conjugate quantities.
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248 v W. G. BICKLEY ON TWO-DIMENSIONAL POTENTIAL

have poles or branch-points at the conjugate points, ¢.e., in the upper half of the
¢-plane, and so, therefore, will f (©). In particular, if, near the nth pole, &, — vy, g (%)
has a simple pole, the expansion of which in the neighbourhood is, with § = &, — u,, + 8

9(@) =R_,/8 +Rp, + Rpd + ...,

then, near &, + vy, with { = £, + vy, + 8

g0 =R_1f8 +Roy + RS + ... . ... (2.619)

Another function that will be needed is one that reduces, on the boundary, to the
square of the modulus of z, ¢.e., to the square of the radius vector in the z-plane from the
origin to the corresponding point on the boundary. Now g (%) g (2)/(% -+ 1) evidently
reduces to 2z = 72 on the boundary, and so is the required function. It will be con-

venient to write

—

=h(Q), « e 2.621
ond then | 9(@) g (%) (9] (2.621)

) =h@QE+1R ... (2.622)

the brackets denoting as before that the function is not everywhere equal to 2, but only
on the boundary. Alternatively, of course,

B = {0, (OP +{g,OF . ... .. (2.623)

The singularities of 4 (%) in the upper half of the {-plane are evidently those of ¢ (¥),
and expansions near the poles can be obtained by the use of (2.619). In some cases,
such as that of (2.532), where ¢ (¢) has branch-points, on the &-axis, an analytical
formula for 4 () may be difficult to construct, as g, (£) and g, (£) are discontinuous,
h (%) still exists, however, although the evaluation of the integrals which arise, by means
of residues, is then not possible. It is proposed to examine (2.532) in more detail,
elsewhere, as an illustration of this.

When £ (%) can be formulated, its expansions near its poles will be useful, or better
those of A (¢)/(¢2 + 1), the poles are { = t, and those of g (¢), in the upper half of the
{-plane. Near { = ., the expansion will be found to be (¢f. (2.431) ),

RN+ 12 =H_,/8* +H_,/8 +H, + H,8 +H3" 4 ..., . (2.624)

the coefficients being given by

H_, = —1h(y), Hoy=—31{h() + 20}
H, = 4 {35 (1) — 44k’ (1) + 217 (1)},
Hy = g {6tk (1) + O (1) — 6uh” (1) — 2B (1)},

ete.
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Near ¢,, the expansion will be denoted by
S/ S F S, e (2.625)

where the coefficients can be obtained from the expansion (TAYLOR’s series) for ¢ (%),
and (2.619)—but both (2.625) and (2.624) are usually more conveniently found from
the explicit expression for A () /(&2 + 1)2.

(2.7) Geometrical Properties of the Curve.—The whole geometry of the curve is implied
in the transformation formula. The tangent at the point £ makes an angle ¢ with the
z-axis given by '

tan ¢ = £,(E)/Lo(E), .« v e (2.71)
do = VIE) FEE + 12 . de. . . ... ... (2.72)

From these, the radius and centre of curvature are easily obtained.
The area enclosed by the curve is

and the element of arc is

A=} (j)(w dy —ydw). .. . . . .. ... (2.731)
Now ‘
Zdz = (x — vy) (dz + v dy)
= (@da + ydy) + + (wdy — y da),
-so that
A=—1L q)zdz, ........... (2.732)
since

Plodo + ydy) = b + )] = o.
On the boundary, |
. zdz =g () f(8) . dEj(82 4 1),

EE) =g@& . .fE), - ... - (2.733)

80 tha,t; with

we have

e LG GRR N
— L [:k E))E 1P de . (2.734)

In general, & (£) is 0 (£4) as £ - o, so that the integral (like most of those we shall have
to consider) can be evaluated by residues, by considering a contour consisting of the
g-axis and an infinite semicircle in the upper half of the ¢-plane, provided, of course,
that % (¢) has no branch-points.

For the centroid of the enclosed area, z,, we have,

Azg = | |2+ ) dody = § (e dy — § vy do)

_ 35%- (@2 +92)dy — v (22 + g?)da}, . . . . . . . (2.741)
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250 W. G. BICKLEY ON TWO-DIMENSIONAL POTENTIAL

since

(j)yzcly =0 =§)w2da;,
so that

, ® _h(E £
Azg = — 1o dj;(xz + ) (dw + vdy) = b L,, = i)l)z , (&:!:L)l)z d. (2.742)
The integrand vanishes at infinity to such an order that the integral along an infinite
semicircle vanishes, and so we can evaluate (2.742) by residues. The poles of the
integrand are . and ¢,. Near .

k(i)/(éﬁ -+ 1)2 = H—2/32 + H-—l/8 + Ho 4+ Hyd + ..o,
FENE -+ 1P =TF o8 +Fy +F5 4 ...,

so the residue is
H_,F;, + H—lFo -+ HIF-—2-
Near ¢,,
hEVE 1P =8_1./5 +8eu 4 ..s  fEE 172 =2, +2"3+ ...,
so the residue is ' '

S .7

—~In“ n°

Combining these two results, we have, finally

Ag = — = (H_F, + H.,Fy + HF_, + 58,40 . . (2743)

(3) Fundamental Potential Distributions.

(3.1) “ Thermometric Parameters.’—From the hydrodynamical standpoint, the first
potential distribution of importance is that for a fluid circulating (irrotationally) round
a stationary cylindrical obstacle. If T'isthe “ circulation,” then the velocity potential-
stream function must tend to infinity with zlike «I'/2x . log 2. The transformed function
for the ¢-plane will then tend to infinity near { = like — I'/2x . log (¢ — ). This
is represented by a line-vortex cutting the ¢-plane in ¢ =, of strength — I'. Since
the £-axis is to be a stream-line, the method of images gives us the complete solution by
introducing an equal and opposite vortex at { = — . Our potential function is,
then, '

r
We = by + 1Py =é;10g2ji, ........ (3.11)
where ¢, is the velocity potential, and ¢, the stream function. This may also be
written ‘ :
= —cot (mwy/T). . . ... .. ... - (3.12)

We have already seen analytical reasons for substituting ¢ = tan 4¢, and doing so here
we find .
t = 2mwp [T+,
or

wp=Tt2r — 40, . .. ... (3.13)
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The constant, 3T, is without effect, so we may take
Wp = Pt/27t, ¢p - P¢/27t, qlr - P8/2TC, o« s e e . (3.14)

v.e., the curves r = const., and s = const. are the equipotentials and stream-lines in
this case ; this is the physical meaning of the ¢-substitution, and also of what we have
already called the ““ fundamental net,” in § (2.1).

Other interpretations of the solution are :—

In electrostatics, a charged cylinder in space, when — ¢ is the potential, and
ér = const. the lines of force. The increase of ¢, in going once round the boundary
18 — 4= /K times the charge per unit length, K being the dielectric constant of the sur-
rounding medium. If e denotes this charge, e = KI'/4r, or T’ = 4ne/K.

In the two-dimensional flow of electricity, the boundary represents an electrode, — ¢
1s the potential, and ¢ = const. the lines of flow ; the total current flowing, ¢ per unit
length, is — 1/~ times the increase of ¢ in going round the boundary, = being the specific
resistance of the surrounding medium, so that ¢ = I'/z, or T’ = 47. A similar inter-
pretation is that for a plane current sheet.

In the two-dimensional flow of heat, ¢ is temperature and ¢ = const. the lines of flow.
The total quantity of heat flowing out per unit time per unit length is then given by
Q = kT, or T' = Q/k, k being the conductivity. A

In Appendix I we give, in tabular form, the possible interpretations with the appro-
priate changes of meaning of the symbols, and in the body of the paper we shall note
interpretations other than hydrodynamical in a few interesting cases only.

With the circulating liquid, the velocity along the boundary is given by — 84 /0l, 5l
being an element of the boundary. Now 3l = — | f(§)|/(€2 +1)2. 3¢ ; also on the
boundary ¢ vanishes. Thus

— 3¢ /0l = (8 4 12/| f (8)| - dwydE and dwy/dE = T [x (&2 4-1),

GRS _
IR ERRREREE (3.15)

which becomes infinite when f (§) = 0, 4.e., at a salient angle.

Any two stream-lines may be considered as rigid boundaries, when we shall have liquid
circulating in the space between two cylinders with parallel generators. In the electro-
static analogy to this, we have a condenser whose plates are parallel cylinders, and if
these are the curves s = s, and s = s,, the capacity per unit length is easily found to be
K/2 (s; — 1), by the use of the third of equations (3.14) (¢f. D. M. WrincaH, loc. cit.).

(8.2) Boundary as Obstacle in @ Stream.—To solve the problem of the disturbance to
a uniform stream caused by the introduction of a cylindrical obstacle, we need a function
wy which tends to infinity with 2 like Uze™, U being the undisturbed velocity of the
stream, coming from a direction inclined at y to the z-axis, and of which the imaginary
part is constant along the boundary. In the {-plane, by (2.427), wy must tend to

VOL, CCXXVIII.—A, 2M

8o

q:
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252 W. G. BICKLEY ON TWO-DIMENSIONAL POTENTIAL

— UF_,e /(¢ — 1) as { -1, and this represents a double source at £ = 1. To make

the £-axis a stream-line, we must introduce a conjugate double source at { = — t,
so that ‘ :
A
Wy = —U{ t =2 } ........ 3.21
v S L (3:21)

Putting — F_, = ve and ¢ = tan 3, this gives
wg=vU{in({t —o-+y)—sin(ec—ry)}, ... .... (3.22)

which agrees with the formula of LearnEm.* The term sin (« — y) is without effect,

S0 we may write :
¢y =vUcoshssin(r —a4+v) . . . . . . .. (3.231)

¢y = vU sinh s cos (r — « + Yy o« oo oo (3.232)

although it is convenient to use (3.21) still. Corresponding values of » and s are
easily calculated from these, for a series of values of wy, and will serve for all such dis-
- tributions, so that a table or the equivalent graphs, such as those given in Appendix IT,
enables equipotentials and stream-lines to be speedily plotted on the ‘fundamental
net ”—preferably on tracing paper over a plot of the net. We also see that ¢y, =0
corresponds to the stream-line which divides and follows the boundary of the obstacle,
its other portions, r = « — y 4 =, being radial lines of the “ fundamental net.”
It is a simple step to the corresponding solution when the curve s == s, is taken as
the boundary of an obstacle, for then

wg = VU {8In(f —a + v — 18)) —sin(a — vy +180)}, . . . (3.24)

but the expression in terms of the new ¢ and f () is still (3.21).

(3.3) Vortex.—A vortex of strength « at the point 2, necessitates an equal vortex
at the corresponding point ¢;. The method of images leads to an equal and opposite
vortex at the conjugate point ¢. The motion due to these two, however, will give a
“ circulation ” round the boundary, and to annul this we must introduce another vortex
in the lower half of the {-plane, and also, of course, its image in the upper half. As
there is to be only one vortex in the finite part of the 2-plane, the last of these must be
at { = «; and the third, consequently, at £ = — .. The value of w, is thus

C-8C+y (331)
(T—1%) (¢ - )

(3.4) Source—The change from a vortex to a source cannot be made by a simple
interchange of ¢ and ¢, since the boundary conditions are not then satisfied. With a
source of strength m at z,, we must have an equal source at the corresponding point ¢,

w, = 1o
> 8

* ¢ Phil. Mag.,” vol. 35, pp. 119-130 (1918).
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and, since the flow is to infinity in the z-plane, an equal sink at { = . To make the

g-axis a stream-line, we must have an equal sink at the image of the last point, { = — u.
This gives B

__m C—%W(E—2%)

= — 1 e e 3.41

v R (Y [y (3.41)

(3.5) Doublet.—The field due to a doublet is obtained by putting an equal doublet

at the corresponding point, and a conjugate doublet at its image. If y is the moment

and a« the inclination of its axis, in the ¢-plane, we have

elll » e“tﬂ.
= P . o (3.1

e ”{c—cﬁc—cl} .
In applications other than hydrodynamical, we may require a solution whose real part
is zero (or constant) on the boundary. Then

w'“=u{tffcl—c‘i“’zl}.' . (352

In these cases, since there is no total outflow, there is no singularity at § = .

(8.6) General Potential Distribution.—The most general potential distribution we
shall consider in detail is that including circulation (T'), a stream (U, y), vortices (strengths
Ky, Kgy ..., ab points ¢ = a;, ay, ...), and sources (strengths m,, ms, ..., at points
B1, Bgs ...). Combining the solutions already found we have

=T 1ottt Bty L]

2 C— C— ¢+
way (E— )€+ 1)
R T (=
M 1o &= B) (C — B) 3
oF AR gy o CEIINICINININS (3.61)
If v represents the (vector) fluid velocity,
= _dw_  dw dt
T de  df Cde’
or
dwld = —2. .. 0. (362
Now ~
dw [ 1 1 F_em | F_,ev
g 2n {c + - n} +U{(c i n)z}

w | 1 1 11
+22—n{§-m+§+u_t—i c—u}

m [ 1 111
“2%{K~B+c——§ = 2:——n}‘ .. (3.63)
2 M2
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For future use we shall need the expansions of dw/d¢ valid near the poles v, «,, and 8,.
(1) Near ¢, with £ = « 4 3, we find

dw _ U F_gemr (T -+ Zi + Zm)
ac 32 21d

P T4 Sk—Zm | guw/ 1 1)
+{ U 4 + 47 +22‘rc( - t—a

"2'2%(&—1—6+u—1—6>}

i F e (D4 3k — Im) o, 11
+8{_U 4:2 T 8n 2-2;<(L——oc)“' (L—§)2>

+z ((L—{ 5o —1"6)2>}' (3.641)

(2) Near «,. This expansion is expressible in terms of the velocity of the vortex,
since ““ vortex lines move with the fluid.” If v, is this velocity,

- d _gcl,‘ .
Ll hnin
______1 [d’u)__uc 1 17 >}
so that, near «,,
dw___ Lk = _‘ﬁ;z_”@
E-C— = §T—E-§ zn'v,, o Z,” eese e e e v e e (3.64:2)

(8) Similarly, niear 8, if v, is the velocity at z, due to {w -+ m/2r . log (z — 2,)},
which is finite,
dw _  m =

T = oy Pl I ST (3.643)

Similar results will be required for 94 /dt, or rather for the function of ¢ which reduces
to 0¢ /ot on the boundary ; and since d¢ /3t = 0 on the boundary,* this function is no
other than dw/dt. We shall restrict ourselves here to the motion of the vortices (the
acceleration of a moving boundary will be considered later) as the only case of hydro-
dynamical importance, although an examination of the effects of a varying source might
prove interesting ; this latter may form the subject of a future investigation. We also
neglect variations of vortex strength, which are in practice small compared with the
motions of the vortices.

* Since  is identically zero there.
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On the boundary, then, by (3.61)

0 __ w/ & E>
2 22_n<g_a ) SETNINP (3.651)

where &, is the velocity of the n-th vortex in the ¢-plane. We must have, also,

da, dz, Y

X e e e e e e e e e 3.652
Ll i iy (3.652)

Replacing £ by ¢ in (3.651), and denoting the resulting function by (04 /dt), we see that

(0¢/ot) has poles at «y, g, ... . Near «, the expansion is, with { = «, | 3,
893‘\ . lK@n
<32 )= by (3.653)

in which the result (3.652) has been incorporated.

(4) Fluid Pressure on Boundary.

If p is the pressure at any point on the boundary the resultant force (per unit length
of cylinder) on an element of the boundary of length 3l is p . 3/, along the inward-drawn
normal ; this may be written .p 32, 32 being the (complex) element of the boundary.
Consequently, if X and Y are the components of the resultant force due to the fluid
pressure, we have

X .Y = uf)pdz= 1 pfédi

-=_L[ plezdi, N (R B )
where the path of integration is the real axis, indented above any branch-points or
poles on this axis, if necessary.

Again,
p=o(@dfot—3gd), . . . . . ... (4.21)

¢ being the resultant velocity at any point, so that it will be convenient to divide the
integral into two, one depending on ¢ (which will have interpretations other than hydro-
dynamical), and the other on 04 /o¢ (which is peculiar to the hydrodynamical inter-
pretations). Using an obvious notation,

X, +.Y, = ki j°_° g gzda e (4.22)
X, + 1Y, = —1p f: aaf szg ....... (4.23)
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256 W. G. BICKLEY ON TWO-DIMENSIONAL POTENTIAL
Taking first the ¢ integral, we have, generally,

_ |du| _dw it
q dz‘ da.,dz, ..........

since on the boundary, dw/d% is purely real (¢ being constant). Thus
dz |2

X, +1Y, = o <dw>2dz Lk
Jow \dE d
ol ()2
: . : dz|* _dz d7 : : "
remembering that, since £ is real, B T aEaE Taking the conjugate quantities

(again remembering that dw/d¢ is real) we have

X, — Y, = [ ( ) / “ oG ... (4.321)
This may also be written

a result known as Brastus’ Theorem. If w has no singularities, in the relevant portion
of the z-plane, the contour may be deformed into the circle at infinity, and in this form
the result is used in aerodynamical calculations.*

The integral (4.321) may be evaluated by employing a contour consisting of the real
axis and an infinite semicircle in the upper half of the {-plane. Provided the integral
round the semicircle vanishes, the result will be 2=« times the sum of the residues of the
integrand in the upper half of the ¢-plane, for the integrand is a uniform function of ¢
in this region. Taking the general value of w given by (3.61) and the corresponding
value of dw/d¢ given by (8.63), we see that dw/d¢ is of order 1/¢* at infinity, so that,
unless { = o corresponds to a corner of the boundary, the integral over the infinite
semicircle will vanish.

The poles of the integrand are ¢, a,, and g, The expansions of dw/dt and dz/d¢
near these have been given, and using them we have —

Near .,

( > __(UF_ze2  UF_,e 7 {I' 4 2k 4 Im} + ..
dg 3¢

o3

by (3.641), and
\ 1

dz]aT F )

* Cf. GLAUERT, ‘ Elements of Aerofoil and Airscrew Theory,” Camb. Univ. Press (1927), p. 81.

2o
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by (2.436), so that the residue is

—Ue {T +Ze+Im}fm. o . o o o o o . (4.323)
Near «,,
dw —_ nz LKy | LKy z/_/n -~ L
<dc> T I T ms {Zﬁ-' 7,
by (3.642), and :
= ; R R A

dzjd? 2, + 2,8+ ... 2, 2
so that the residue is

k2 2’ L, ILK 2’ LK
A - __l’ JE— = 2y .. 4.324
+ﬂ:znl4n 2 ,,Uz“} O ( )

E]

Near: £,

-3

m 2’ 2 m ’
125 7c8< + Vw2 "’>

47 z
by (3.643), and

so that the residue is

Collecting residues, we have
X; — Y, = — }1p X 2mi[— Ue (T + Sk + 1Zm} — Swh + Sm]/n . (4.326)
or, taking conjugate quantities, and reducihg,
X, +Y, = p[WUe{l 4+ Zx — :Zm} + Zwv 4+ Zmw]. . . . (4.327)

In the absence of vortices or sources, this reduces to 1pI'Ue”, which is a force per-
pendicular to the direction of the stream ; this is the LANCHESTER-PRANDTL formula for
aerofoil lift, and for the MaanuUs effect. If we consider the electrostatic analogy we
have a charged cylinder in a uniform field, and the force then reduces to Fe/K parallel
to the field ; this is an almost obvious result, and it makes the aerodynamic formula
equally so. |

The only case in which the integral round the infinite semicircle does not vanish is
that when { = « corresponds to a cusp («, = =)* of the z-boundary. For, if { =
corresponds to a corner, dz/d{ -~ K{=@+e«=/m by (2.429), while dw/d{ ~ A/¢®. Conse-
quently, with { = Re*,

( ) /dz 0t > A® (Re®)o K . df,

* g, having the same meaning as in §2.4.
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258 W. G. BICKLEY ON TWO-DIMENSIONAL POTENTIAL

so that, unless «, == (and «, cannot be > =), the integral over the semicircle

vanishes. If «, = =, its value is ‘
mA2K. oo (4.328)

This means, of course, that there is a finite force due to the streaming round the cusp,
and the existence of such a force was pointed out by the author in 1918,* and its value
calculated for the boundary and field there discussed. The corresponding forces for the
cusps not corresponding to £ = » are, so to speak, taken by the integral in its stride,
in virtue of the indentations above the zeroes of f (£).

We also see that the resultant force depends upon the motions of the vortices, and as
their motion will alter the value of w, we cannot neglect the ¢ /ot term in the pressure
equation. We proceed to calculate its effect. '

From (4.23)

X, 4 Y, = —p j: -aaif ggzdi.

We can easily show that the integral round the infinite semicircle vanishes (unless
«, = — =, which is impossible) and so the value of the integral is 2=t X the sum of the
residues in the upper half of the ¢-plane. The poles are «, and .

Near «,,
%) KD,
<8t - 2nz",,8+

and so the residue is

— W, 2m .. .. e (4.411)
Near ¢
dz _F_, '
d_i —“3—2-+ K, ..,
§é>=ﬁﬁ<v_5>~~£<v~5)_
<(}t Z211: Z(—a) 2'(—a) +2‘27‘C Z(v—ap 2z (v—ap R
80 the residue is '
!.:F_g v - 5 >
gt <z,(L ) (4.412)
Combining these, we have o
X, + Y, = — Zwpv + 1pF_, 3k (z’(u Qi_ TG Qj_ E)2>' . (442)

Finally, adding the results of (4.33) and (4.42),
X +.Y =op [LU@‘V(F-—]—ZK—— LZm)+va+F_2ZK< v v >] , (4.51)

Z(—aP 7 (L— ap
which is the final formula for the force on the obstacle, per unit length, due to the fluid
motion considered, and which was mentioned in a recent paper by the author.f
We next calculate the moment of the forces due to the fluid pressure on the boundary,

* ¢ Phil. Mag.,” 6, vol. 35, pp. 396-404 (1918).
T “ Roy. Soc. Proc.,” A, vol. 119, p. 146 (1928).
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PROBLEMS CONCERNING A SINGLE CLOSED BOUNDARY. 259

about the origin, which will complete our knowledge of these forces. The moment of
the force on an element 3z of the boundary is p (z §x + y 5y) which is seen to be the rea]
part of p (z + vy) 3z — ¢ 3y), so

M= @Cf)pzd%.* e e e e e e e e (4.611)
Dividing M into two parts, due to the two terms in the pressure equation, we have

first

M, = — %P?ﬁ# Prdz = i j: @—?)2 % ‘22%015

= }e8 j : <g—2”>2 &-z—%zda. ............ (4.621)

This can also be written

. -f%piiC_R%)zzdz, e e e .. (4.622)

the form used in aerodynamicst; in the absence of singularities, this can be taken
round an infinite circle.

To evaluate (4.621) by residues, we first notice that the integrand is of order {~¢-=/"
at infinity, so that, unless «, = =, the integral round the infinite semicircle vanishes.
In the exceptional case, we have already shown the existence of a finite force at the
cusp, and this can be allowed for by (4.328). The poles of the integrand are :, «,,
and B,,.

Near ¢, by (3.631)

dwjd{ =P/ + Qs + R+ ...,

where , .
P = UF_ze™, Q= —(I 4 Z« + Zm) [2n
\ = o P4Sk—Zm  cw/ 1 1
R = —3UF_.e"+ 4n +Z2—TC<L—-0L L——Ti)

m 1 1
“%(:Eﬂ-g)'
Also, by (2.428) '
z 2F

— 514 G0y _2F }
iz TR TR Y

-2

so that the residue is
2F, p, _ 2G,PQ

. F, — (GRP+@)
= 2U2e F_, Iy 4 G Ue™" (I + Zx + Zm)/n
- Y AR P > 1 1
+ FUPF_ ol — 2UR e V{ - :m: L m—l—Z%(L B, —-&)
_em (1 1 (D 4 =« + Zm)? ,
z4n<b__@+b_§>}+ o e e (4.631)

* H denoting “ the real part of.”
- T GLAUERT, loc. cit.
VOL. CCXXVIIL.—A. 2 N
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260 " W. G. BICKLEY ON TWO-DIMENSIONAL POTENTIAL

Near «,, by (3.632)

dg 4n2 9w <47r 2, "

and
2 — 2,2
dz[dt zn+ ( 22, >+'"’
so the residue 1is
- P LK,  —
_— 2 — 2 e e e e e e e e 4.632
= e ( )
Similarly, near 8, the residue is

........... 4.633

Collecting these results, we have

_ [2 wURF_, (Foer + 3F_,) — GoUe (T + Sk + Sm)

B S ST

L— o Lo t—B v —p

+ o (0 o+ 2k - Zmp — D - St} 4 Bees + !.Emz/:t)—}. ..... (4.641)

The term in F_,F_, will contribute nothing, and can be omitted.
The G, term can be removed by taking moments about z = G, for if M’, is the
moment about this point,

W, =M, — B (X, —Y)G, . . ... ... (4.642)
and, by (4.326),

— Gy (X, — 1Y) = — oGy {Ue™(T' + Zk + Zm) + kv + 1Zmv}. (4.643)

Using this, we remove the Gy term in (4.641), the only other alteration being that we
replace z by (z — G,) in the terms Zxvz and Zinvz, which is not a complication.
For translation only, we have

= o4} (2mF_ 2F ) (4.644)
For the 04 /ot term we have

— o b %P Las = — oy (ﬁ” 0% 9(8) f(§)
M, 95;{43 a tE=—eB¢ T - oo (469)
The integration of this by residues involves a knowledge of the poles of 7(£), and so
cannot be simply expressed ; it can, however, easily be effected in special cases.

It is also possible to obtain the moment by means of another formula, by using

ods+ydy=40) = i I 7 (s ).
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PROBLEMS CONCERNING A SINGLE CLOSED BOUNDARY. 261
Then,
— [T e k(i)
= —1% k()]w 1 (* dp _h(¥) 4661
l: ( “I*E.,z) +2de&( +§2)da (,6 )

The integrated term vanishes, since it has the same value at + » as at — o, the
boundary being closed, and p being single-valued. Thus

dp _h(E)
M=1 e, (4.662)

which can be evaluated by residues when £ (£) is known ; again there are poles of the
integrand where ¢ (C)—«and consequently f ¢)—has poles.

(8) Boundary in Motion.

(56.1) Uniform Translation.—The solution for the streaming past an obstacle at rest
can be converted into that for the motion of the obstacle in a fluid at rest at infinity
by the subtraction of the term Uze~7, U being the velocity and y the direction of
motion.

(5.2) “ Impulse.”—The ‘‘ impulse > in such a case is, when T, , and m all vanish,

= —o SB bz = ip (: 4)%&, ........ (5.21)

being the resultant of an impulsive pressure p¢ applied to the fluid at the boundary.
For the case in question, the velocity potential-stream function is

- _ypul¥- L G S 5.22
U{C_L )~ (5.22)

and ¢ is the real part of this. The bracketed portion is purely real on the boundary,
80 it is a part of ¢. The real part of the other term is — U (z cosy + Y sin y), S0 we
may write the impulse as '

== ] (5 gfﬁ Eaod

+ 1p (i) U(wcosy + ysiny) (do + wdy). . . . (5.231)

The first integrand gives zero when taken round the infinite semicircle, and its only
pole is { =, The expansion near { = is

LB e
U{s e N L R [
2 N 2
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262 W. G. BICKLEY ON TWO-DIMENSIONAL POTENTIAL

and so the residue is
UF_, (AF_se” -+ Foe ).

The contribution to the ““ impulse ” is thus

2mpUF _, (3F_oe” + Feem). . . . . .. . . (5.232)

For the other integral we have (/{) rde =0= Cj)y dy, and (i)m dy =A = — (j}y de,
A Dbeing the area enclosed by the boundary. The value is thus,

tpU(tA cosy — Asiny) = — pAUe”. . . . .. (5.233)

This is seen to be — the momentum (per unit length) of the liquid the boundary would
enclose, moving as a solid with velocity U in the direction y. Thus (5.232) may be taken
as giving the impulse, if it be understood to include also the momentum of the fluid the
boundary would contain. A similar interpretation has been given by LEATHEM to his
simple formula for the impulse,* and our result is derivable from his.

Writing the impulse in the form

2rpU (AF_,F_,e7 + F_,Foe™), . . . . . . .. (5.234)

we see that, unless the second term vanishes, the impulse vector is not generally parallel
to the velocity vector. For directions of the velocity given by

F‘__2]:.?06--""}‘l = De"”,
where D is real, the two vectors will have the same direction, z.e., if,
F_,F,=De™. . . . . . ... ... (5.241)

There are thus two principal directions of motion, at right angles, when the impulse
and velocity vectors are parallel, and if, in any motion, I, and I are the components
of the impulse in these directions,
I, = 27U (F_K_s +D)cos (y —y1), + + . . . . (5.242)
Ip = 2rpU AF_,F_, —D)sin(y —vs). . . . .. (5.243)

For the kinetic energy of the motion (including that of the enclosed liquid, of
course), we have

T= %{IAU cos (y — v;1) + I;U sin (¥ — v}
=npU2 IF_,F_, +Decos2(y — v}, + « v « « . . (5.251)

and the principal inertia coefficients are

2rp (AF_,F_, £ |F_F}. . ... .. . . (5.252)

* ¢ Phil. Trans.,” A, val. 215, p. 439 (1915),
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The moment, L, of the impulse is given by

L=— (5) e ¢ (xdx + ydy) = — <§ pdd (31°)

= — et +hefras = — o[ AELTRar . (520
- the integrated part vanishing. In any actual case this integral can be evaluated when
h(&) is known.

The actual impulse is then given in magnitude and direction by I, but its line of
action is at a distance L/I from the origin. This is relative to the body, but the line
moves with the body in space. The rate of change of the moment of the impulse about

a fized point is then 7
U(Igsiny —Iycosy) = — J (IUe™7).* . . . .. (5.271)

To maintain the motion, a couple of magnitude equal to this must be applied, from which
we see that the moment of the fluid pressures is

M,=3dUe™), . ... ... .... (5.272)

being equal and opposite to this. Comparing this with (4.644) and using (5.232) we
see that the results agree, and we can write

M, =27pU2Dsin 2(y —v1): =« « « « « « . . (5.273)

(5.8) Force and Moment due to Fluid Pressures.—It is easy to show from the funda-
mental equations that the pressure difference between two points is the same when
the boundary is moving in fluid at rest at infinity as it is when the fluid streams past
the boundary, the relative motion being the same. Consequently (4.51) and (4.641)
with (4.65), still give the resultant force and moment due to fluid pressures, provided
‘we now take v, and v,, to be relative to the boundary.

If the obstacle is accelerated, however, we have an extra contribution to 04 /ot, and
therefore to the force and moment. The value of this addition to 0¢/o¢, on the boundary
is ,

~u (T ) oo (e - )

—U@ecosy + ysiny) — Uy (ycosy —asiny). . . (5.31)

The resultant force due to this is
© [ [F_ge F‘_ze‘y}_ .{F_ze“‘y . F_ze“/}] dz
‘Pj_w[U{a—qua-w U e E:E %

— 1p <§> U (x cosy + ysiny) + Uy (ycosy — x sin )} (de — udy). . (5.32)

* g d,enoting “the imaginary part of,”
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264 W. G. BICKLEY ON TWO-DIMENSIONAL POTENT‘IAL

To evaluate the first integral, by residues, as has been done in many previous cases, is
easy, there being one pole only, & = «, and the residue there is

— {F_,F_, (U + LU‘{!) ¢7 4 F_,F, (U — Uy) e,
so that the contribution to the resultant force is
—2np (JF_,F_, (U + Uy) e + F_,F, (U — Uy)e=. . . (5.321)
The other integral gives
— 1pUA (v cos y — siny) — tpUAy (— cos y — & sin y) '
=AU+ Up)er, ... ... ... (5.322)

which is seen to be the force necessary to produce the acceleration in the enclosed fluid,
(U 4 Uy) e being the total acceleration of the boundary.

The applied force which will produce the acceleration is equal and opposite to the
sum of (5.321) and (5.322). If, however, as before, we consider the boundary to be
full of liquid, the force is ’ :

2mp {1 ——2F—2 (U + Uy)er + F_ 2Fo( — Uy) e} .. (5.34)

and this is, as it should be, the time rate of change of the corresponding ““ impulse.”
We may insert here another treatment of the force on the boundary, and incidentally
obtain a result for future use.
Using the suffix 1 to denote the boundary, and 2 to denote any closed curve outside,

X, + Y, = pode=— e {(2) + (gg)} (udw — dy).

{<a—"‘> &)} cao == § 1 {(5)" + (5o —aw
MGG+ @)+ (G} oo

~§Ha;f ACRR RS A AR ILL

——ba@ g R @ g)e- G F) v

where n is the outward drawn normal in each case. The double integral vanishes if ¢
has no singularities between 1 and 2. Also, in any case to be considered, ¢ will be of

Now

"
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order at most 1/r at infinity, so that if we take 2 to be the circle at infinity, the line
integral round it will vanish. Thus

a¢>2 0¢\*| 395 o¢ , 0¢

12 —_r = — e e . .

@1 z {<?m + <ay> f dz (]B on (\aw T 8y>ds (5:35)
For a stationary boundary, 0¢/on vanishes identically so that X Y, = 0. For

uniform translation, ¢ = — Ux -+ ¢;. ¢;, which is the same function as for the

stationary boundary, is, however, referred to axes moving with the boundary, so that
the 0¢ /ot term must be inserted. Then

9 _ 0 _ it
ot ot aa,
and . . / o .
=t a 2 (3] [ oo (]
-l () ()
80

X+@E”¢p@=_%gﬁ+@#ﬁ4%§L@@

b+ 0§ 2 (B4 B

9.1

= 0.

(6.4) Rotating Boundary.—To solve the hydrodynamical problem of the flow due to
a rotating boundary, we have to determine a potential function w, = ¢, + +{,, such that
¢, reduces to Jwr? on the boundary, o being the angular velocity, and r the distance
of the point from the axis of rotation, with the additional conditions that w, is finite
and single-valued in the relevant region, including infinity. We need therefore a
function of ¢ with its imaginary part having the prescribed value on the £-axis, and
finite and single-values in the upper half of the {-plane. Now it is known that if ¢ (&)
satisfies certain conditions as to integrability, the integral

1 $(8)
TS Ce . (541)
has its imaginary part tending to ¢ (£) as ¢ approaches the £-axis from above, and has
no singularity in the upper half of the {-plane. In our case, ¢ (§) = }wr?, which is
evidently both finite and continuous in the boundary, so that the conditions for
integrability are fulfiled. We may, moreover, without loss of generality, take the
centre of rotation to be the origin in the z-plane, so that 72 = |z[>. Our formula is

then
2n J wi——cdg

o _h(E) _dg : s
om Jw(H—?)’E—c ......... (5.42)

| e

w, =

H‘
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266 W. G. BICKLEY ON TWO-DIMENSIONAL POTENTIAL

Taking a contour consisting of the real axis and an infinite semicircle ¢ in the upper
half of the plane (where £ is now considered to be a complex variable), and restricting
ourselves to the case where 4 ({) has no branch-points, we have

2, |2 dE

w0 Ja—c

= 1@ X (sum of residues in upper half-plane).

Now z,, is finite, so the integral on the left is 1 |2, [* which is constant, and so has
no effect upon the flow. We may therefore take the quantity on the right as w,,.
The poles of the integrand are ¢, ¢, and those of 4 (£), denoted in ¢, in § (2.6). Near ¢,

h(E)J(1 + g2 = H_,/8¢ + H_, /s + Hy + ...
1 — Q) =—1)(E— ) —8/(E— e — ...,

so the residue is

—_ H_, — H, 5.431
C—F @=u (5.431)
Near ¢, the residue is
_hE) 5.432
TR (5.432)
Near ¢,
h(E)(L + 8P =8_.,/5 + ...,
1)E—8) = —1/(§—2¢)— ..
so the residue is
S
—_— e e e e e 43
Consequently, '
- J— k(C) . H-—2 . H—l .3 S—-ln } 5.434
- ”%u+@y T - Tg—g o O

When 7% (%) has branch-points—and it will have them at points on the &-axis corre-
sponding to corners of the boundary, and may have them elsewhere—(5.42) still holds
and can be evaluated, but (5.434) is no longer true.

On the boundary we have

bo =R (ENLHER ... (5.435)

so that, again on the boundary,

_of k() 2H, 2H, 28, 5.436
i {a+?ﬁ Gy R — a—g} - (B439)

Remembering that 4 (£) is real for real values of &, it is easy to see that this expression
is real when 4 (£) is rational.
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(5.5) Impulse in Rotational Motion.—Although the motion of the boundary is a
rotation, it does not follow that the impulse reduces to a couple ; we calculate therefore
the impulse and its moment about the origin. Asin (5.21)

I, = — p<§)¢ vodz = Lp’jiw (tﬁ)g—ZdE ..... (5.511)

The integral round the infinite semicircle vanishes, and the poles of the integrand are :
_and Cs Near,

H_, _ E:.l S_in S-m _ 1

#) =pol{-Ter—Tory (on B m)(em B m)s 4,

dz F 2

(E + Fo + Fi3 + ..
8o the residue is

| Lo {—- H_,F, — H_,F, + F_, (22 gs_:” S Hl>} .. (5.512)
Near ¢,, '

: ¢ =—31eS_,8+ ..., dz/de =2, + ...,
80 the residue is
e T (5.513)

Thus the formula forIis

I = LT wE {H 2F1 + H_,F, — H,F_, — 2F_ 228—1n/q;n - ‘)2 -+ ES_I,,Z,,}
..... . . . (b.514)

It can be easily verified that a change of centre of rotation, to (&, 4;) say—equivalent
to a change of origin—alters H_,, H;, and S_,,, linearly in @, y;, and leaves H_, un-
changed. It is thus possible to find one, and only one, centre of rotation such that I
vanishes. :

The formula for I can also be obtained as follows :

I= _—-—@pcﬁn Lde = — Lp(i)(wm — }or?)dz

= — qu.)wwdzé twpAzg
or .
I+ twplAzg = — r.p(i'-J’wwdz. ........ (5.521)

But w, has no singularities in the z-plane, so the integral is 2rtW_,;, where W_, is the
coefficient of 1/z in the expansion of w, valid near infinity, so that

I+ twpAzg =2rpW_3. . . . . .. C. (5.522)
VOL. CCXXVIII.—A. 20
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268 W. G. BICKLEY ON TWO-DIMENSIONAL POTENTIAL

Also twpAzy is the momentum of the liquid that the boundary would enclose, moving
as a rigid body, so that this again agrees with LEATHEM’S result.* Moreover, near
z2=oo,{=1-43,and 2> — F_,/3, so that W_; = — F_, X coeff. of § in w,

= —oF_{Hy +28_ 0, /(& — )% . . . . . .. (5.523)

Using the value of Az, from (2.743), we reproduce (5.514).
For the moment of the impulse we have,

Lo=—efodth) =4o " ‘ﬁda((lk(z%z)z)dg

=boe ] {7y ey By i () &

= oe {[% (Tzz%t(’%]: —2| <(£H——2n)2 i («EH 5 asj?:,) %Glﬁ%)” -

......... (5.53)

The integrated portion vanishes as the boundary is closed. The integrand of the
remaining integral is of order not greater than 1/¢% at infinity, so that the integral is
2n. X (sum of residues). The poles are v and ¢,. At t, the residue is

2H_, H, + H_,H, +H_;ZS_1,/(§ — 1 + 2H—2ZS—1%/(C1» —
and at ¢,

S-—-lnsln + S-—-ln {QH——Z/(Cn — L)3 + H—l/(Cn - L)2 + E,S—-lm/(Cm - Cn)z}'
So
L = nap @H_,H, + H_,H, + Z8_,8,, + 4H_,38_,,/(C, — o
+ 2H~IES-IM/(C1& - L)2 + 222/8—-1% S—lm/(tm - Cn)z} . . (554)

~ where X’ is to include, once only, all different pairs of suffixes m, n. The equivalent
moment of inertia is then L/w.

(5.6) Resultant Force.—If the centre of rotation is such that the impulse does not
reduce to a couple, then, since this is constant relative to the body, i.e., turns with i, a
force vwl must be applied to the body to maintain the motion ; the resultant of the
fluid pressures is then equal and opposite to this, and so is — rel.

This can be shown quite generally as follows. Since w, as obtained refers to axes
moving with the body, the d¢/d¢ term will be present in the pressure equation. In

fact,
9 _ _ ,¥_, <yai a¢) ....... (5.61)

o ©36 oy
p=elo(uiE—af) 1RV -1E)) - e

* ¢ Phil. Trans.,” A, vol. 215, pp. 439487 (1915).

and so
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PROBLEMS CONCERNING A SINGLE CLOSED BOUNDARY. 269
Therefore

ol s;> (s

9_9‘ _ 915 _ 508 o$ (0, 0¢
+wawdw yawdy wawdm>+8n<%+L@>d{|

where we have used (5.35)

_ pﬂw{ z 4 ny)<a¢dx +a¢dy> (g;ﬁ a§> (o dw + ydy)}

)]
Now

o (xdx + y dy) :%%ds =g—;fds,

therefore

X 41Y = pco(f)(w + vy) <g—§dw —I—ggdy)

— vodeds = ollzdl — o dz.

As ¢ is single-valued, the integrated part vanishes, so

X4 1Y = —-pw(&cﬁdz: ——nm{mp(i)cﬁ . Ldz}
=—aol. .. ... 0. (5.63)

In the case of unsteady motion, there must also be a force & (I,/w); and a couple
& (L, /o) applied to produce the acceleration, so that the resultant of the fluid pressures
is equal and opposite to these.

6. An Ilustrative Example.

As the object of the foregoing has been to construct a ““ technique ” for the solution
of two-dimensional potential problems from a known transformation formula, it seems
desirable to conclude with a pointed “ Q.E.F.” in the shape of an illustration of the
application of the formule obtained to a particular case. That chosen is that of the
circular arc, as being simple, but not too simple, and as one for which the author worked
out results by more pedestrian methods some time since.

202
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270 W. G. BICKLEY ON TWO-DIMENSIONAL POTENTIAL

The z — ¢ formula is given above (2.582), but this has the disadvantage—in dealing
with rotation, that is—that the z-origin is the centre of the circle. Transferring the
origin to the mid-point of the arc, we have (see fig. 6)

2@—1)8% _ _ga—1[ 1 “‘}. ... (6.1)

y(C—L)(C—}-au)_ a+11z;~u+c+m’

2= —

where, if 2a is the angle of the arc, ¢ = (1 4 sin $«) (1 — sin $«).
' From this we obtain

Y .
c dz __ o a—1 1 e
S er AR =
p2l@—DE@—a) 5o

=+ e

B \\ A whence
\ (o]

xl x . a — ]. — ) —_ a— ].
Y. F_g = 27.“ + 1 F_..z, Fo 27'm s
e — o Zplere '
' K—Pléne. —_ @ (a — _1)
. g Fy=—4r T (622)
Vs o s _
Fic. 6. At the ends of the arc, dz/d{ = 0,80 { = + vV a, leading
to the above value of ¢ in terms of «. '
Then, by (2.617), '
) — — p 2(a—1)¢ :_Qa——l{ 1 o 1 6.3
() "TT) C—an "1 <+L+c~mf’ e (63)
which has a pole at { = a in the upper half of the ¢-plane.
Also, by (2.624)
(p2) — 42 4(0—1)212 — (l—l{ 1 . 1 Qe a4 }
) =r eyt el i— T tra t—a) 64

whence
1 g _p30+1 R Vil

a —
Ho=0 la=2rrm, L=roame b= ety

(6.42)

As might be concluded from (6.3), (7"2) has a pole at { = at, where

. a(e—1). a® -+ 3 e a* + 1402 - 1
S, = 2w————-a+1 , S, rz( Ty S, = 7‘2“((1_1)(“ T (6.43)
and
r_ . a+1
g = 2a,(a—-1)' . '.‘- LR ) ‘! . . (6'44)
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From (2.733), using (6.1) and (6.3),

2 1) = 4 (@ —1PL(& —q) ... (651

C)/(C + ) /A (C — L) (C T ab) (C + L)2 (2; — m)z ( )

the poles of which are v and ai. It is easy to verify that the residues at these are 4 1
and — 1 respectively, so

1, (" k(E)dE _ |
A=nf BT =0 (6.52)
Formula (2.743) also gives zero—as it should when A is zero—and consequently does
not allow us to find zg.

The fundamental net, drawn in the previous paper,* and the solution for streaming
past, require no further mention. The resultant force in a stream vanishes, but its
moment does not. By (4.64)

M, = R (2r UPF_,Foe~%)
o8B <2mU2 9t —1 g, —afe —1) 6'2"’)

I

a-+1 (@ + 1)
2rpU2r2q (@ — 1)2° .
= 0P @ +( Ty " sin 2y
= fnpU?sin® Jecos? dasin 2y, . . . . . . . . . . .. (6.6)

agreeing with the result in the previous paper.
The impulse in translational motion is, by (5.234),

I e QTCPU (%F_zF_zew "l“ F_gFoe—w)

(s 1) Sl

= 2npr?U sin? a {7 — cos? fu . €7}, e e e e (6.71)

This is in the direction of the velocity when y = 0 or = 90°. The principal inertia

coefficients are (5.242),
, 2mper? sin? Ja (1 F cos? 1x),
i.e.,
I, = 2rpr*U sin® §x cos v, I, = 2mpr?U sin? 4« (1 4- cos® fa) siny. . (6.72)

The moment of the impulse is given by (5.26) as

L=1o| (%5 i

and

_ F ,ev F_ze‘7>=_ a—1 2({cosy 4 sinvy)
¢ U(C—L+Z+~c 27Ua~|—1' e +1 ’

* ¢ Phil. Mag.,’ 6, vol. 35, p. 398 (1918).
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272 W. G. BICKLEY ON TWO-DIMENSIONAL POTENTIAL
S0
L=1 ” 83U( 1)3.‘22{(52—1)GOSY+2551HY}d
I I
Evaluating this by residues (the poles are « and at), we find
—_ 2(@—1)" —_ 4%
L= —npUs3 . = cos y = — 2rpUrs sin 5COSY . . (6.73)

Now as all the impulsive pressures are normal, and therefore radial, the impulse must
pass through the centre of the circle. The moment about the mid-point of the arc
should therefore be — Ly, and by (6.72) we see that this is so.

By (5.434) we obtain the solution for rotation,

R s (@ —1p  2u?(a—1) 2ur2(a — 1) |
Yo = {(12 +1)(¢+a?) (@+1)(E—1) + @+ 1) (C— an)f
PN el DR a
= 20rf ] {t; e m}. ........ AT (6.81)

Formula (5.514) gives for the impulse

— . Lza 1 a(a 1) ot + 1402+ 1 @ —1
L= wp{O 270&—!—1 27(a—l—1)3+ 722(a—1)(a—|~ I Ta—}—]

. —1 .0 (a 1) a(a—1) a+1 1

YT cF Ty T T a1l

> = — 2rwprd sin4g-. ............ . (6.82)

— 1
— 2 3 (¢
TR <a+1

If we realise that a translation parallel to the z axis with velocity U = «r added to the
rotation will give a revolution round the centre of the circle, which will not disturb
the fluid, this result is checked by comparison with the first of (6.72).

For the moment of the impulse (and again the impulse should pass through the

centre, so that we should have L, = — rl,) we have, by (5.54),
1 ot -+ 1402 41 a(a—1) at + 1402 1
L, == { 222 2 — Qu w2
TR T 2= @ " aF L T @ —D(aFIp
—1 a(a—1) }
—2.22 22 oy
o a-+1 2 (@4 1) (@r — v)?
— 4
= 2mport (Z’_l_ i) = 2roprtsintda, . . . . .. ... L. ... (6.83)
which is equal to — 71, as expected. The equivalent moment of inertia of the fluid is
2rprtsint da. .. L L L L L .. . (6.84)

In conclusion, the thanks of the author are due to Mr. J. P. CrnarworTHY, B.Se.,
who kindly read through a draft of this paper, and to whose valuable suggestions the
treatment at the ends of §§ 5.3 and 5.6, not involving the transformation formula,
is due.
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274 W. G. BICKLEY ON TWO-DIMENSIONAL POTENTIAL PROBLEMS, ETC.

AprpENnDIX II.

Standard Graphs for Plotting Stream-Lines.—The fact that the solution of the problem
of flow past an obstacle (equation (3.22) ) is expressible in such general terms enables
us to construct tables or graphs for the plotting of the equipotentials and stream-lines
in all such cases, provided that the ““ fundamental net  has first been obtained. We
give, in figs. 7 and 8, graphs of

cosh s cos ¥ = ¢ (fig- 7)

and
sinh s sin r = ¢ (fig. 8)

which are essentially the conformally transformed equipotentials and stream-lines,
the r-axis being the boundary. The unit in which 7 and s are expressed is = /12, which
has been found convenient ; one ““ quadrant ” of r is all that is given, but it is clearly

sufficient.
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